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In this paper we completely classify nontrivial semisimple Hopf algebras of dimen-
sion 16. We also compute all the possible structures of the Grothendieck ring of
semisimple non-commutative Hopf algebras of dimension 16. Moreover, we prove
that non-commutative semisimple Hopf algebras of dimension pn, p-prime, cannot
have a cyclic group of grouplikes. © 2000 Academic Press
1. INTRODUCTION
Recently various classiﬁcation results were obtained for ﬁnite-dimensional
semisimple Hopf algebras over an algebraically closed ﬁeld of characteris-
tic 0. The smallest dimension, for which the question was still open, was 16.
In this paper we completely classify all nontrivial (i.e., non-commutative
and non-cocommutative) Hopf algebras of dimension 16. Moreover, we
consider all possible structures of Grothendieck rings K0H for semisim-
ple non-commutative Hopf algebras of dimension 16.
Let H be a non-commutative semisimple Hopf algebra of dimension 16
over an algebraically closed ﬁeld k of characteristic 0. Then irreducible
representations of H of degree 1 are exactly the grouplike elements of
H∗. Let GH∗ denote the group of grouplikes of H∗; then kGH∗ is
a Hopf subalgebra of H∗ and thus, by the Nichols–Zoeller theorem [23],
GH∗ = dimkGH∗ divides dimH∗ = dimH = 16. Therefore by the
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Artin–Wedderburn theorem, as an algebra H is isomorphic to either
k8 ⊕M2k ⊕M2k (1)
or
k4 ⊕M2k ⊕M2k ⊕M2k (2)
dimZH equals the number of summands in the Artin-Wedderburn
decomposition of H; thus in the case 1 dimZH = 10 and GH∗ = 8
and in the case 2 dimZH = 7 and GH∗ = 4.
Our ﬁrst result, which will be proved in the beginning of Section 3, is the
following:
Theorem 1.1. Let H be a semisimple Hopf algebra of dimension pn over
an algebraically closed ﬁeld k of characteristic 0. If HkCpn then GH is
not cyclic.
Our main result will be proved in Section 9:
Theorem 1.2. Let k be an algebraically closed ﬁeld of characteristic 0.
Then there are exactly 16 nonisomorphic nontrivial semisimple Hopf algebras
H of dimension 16, which consist of
(i) 11 Hopf algebras with Abelian GH of order 8, for which GH∗
is necessarily Abelian of order 8;
(ii) 2 Hopf algebras with non-Abelian GH, for which GH = D8
and GH∗ = C2 × C2;
(iii) 3 Hopf algebras with GH = C2 × C2; two of them are dual to
the Hopf algebras with a non-Abelian group of grouplikes and one of them is
self-dual.
Remark 11. A part of Theorem 1.2, saying that if H has a non-Abelian
group of grouplikes then GH = D8 and GH∗ = C2 × C2, can also be
obtained as a corollary to a theorem of Natale [21], and Proposition 3.1.
This theorem states that if GH is non-Abelian then H∗ has four central
grouplikes.
One method of constructing a new Hopf algebra from a known one H is
to twist the comultiplication of H by a 2-pseudo-cocycle  ∈ H ⊗H (or a
2-cocycle J ∈ H ⊗H). The new Hopf algebra is denoted H (or HJ). The
next theorem summarizes the results of Sections 5 and 6:
Theorem 1.3. Let H be a semisimple Hopf algebra of dimension 16 over
an algebraically closed ﬁeld k of characteristic 0. Then there are exactly seven
possible structures of the Grothendieck ring K0H. Moreover
1. GH∗ is Abelian if and only if the Grothendieck ring of H is com-
mutative. Then
(i) If GH∗ = 8, as algebras K0H ⊗ k ∼= k10.
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(ii) If GH∗ = 4, as algebras K0H ⊗ k ∼= k7.
(iii) K0H = K0kG, where G is one of the nine non-Abelian
groups of order 16 (although only six of those K0-rings are distinct).
(iv) H is a twisting with a 2-pseudo-cocycle of some group algebra.
2. If K0H is not commutative then
(i) As algebras K0H ⊗ k ∼= k6 ⊕M2k.
(ii) H is not a twisting of a group algebra.
(iii) There is only one possible structure of the K0-ring.
(iv) All Hopf algebras with non-commutative K0-rings are twistings
of each other.
Remark 12. By Theorem 1.2 there are only two Hopf algebras with
non-Abelian GH∗.
We summarize the distinct non-commutative, non-cocommutative
semisimple Hopf algebras of dimension 16 in Table 1. We try to dis-
tinguish nonisomorphic examples of Hopf algebras using the groups GH
and GH∗ and the Grothendieck rings K0H (deﬁned in Section 2). Here
we consider twistings of group algebras kG, where G is a non-Abelian
group of order 16. There are exactly nine such groups, described in [2] (see
Section 4). The twistings appearing here are explained in Section 7. The
coproduct #α is explained in Section 8. H8 denotes the unique nontrivial
semisimple Hopf algebra of dimension 8 (see [7, 11]).
TABLE 1
No. Example GH GH∗ K0H Notes
1 Hd  −1 1 ∼= H8 ⊗ kC2 C23 C23 K51 = K0D8 × C2 not triangular
2 Hd  1 1 ∼= kD8 × C2J C23 C23 K51 = K0D8 × C2 triangular
3 Hc σ1 ∗ C23 C2 × C4 K53 = K0G5
4 Hb  1∗ C23 C2 × C4 K53 = K0G5
5 Hc σ1 C2 × C4 C23 K52 = K0G7
6 Hb  1 C2 × C4 C23 K51 = K0D8 × C2
7 Hc σ0 C2 × C4 C2 × C4 K54 = K0G1
8 Ha  1 C2 × C4 C2 × C4 K53 = K0G5
9 Ha  y C2 × C4 C2 × C4 K53 = K0G5
10 Hb  y C2 × C4 C2 × C4 K53 = K0G5
11 Hb x2y C2 × C4 C2 × C4 K53 = K0G5
12 HC  1 ∼= kD16J D8 C2 × C2 K61 = K0D16 triangular
13 HE ∼= kG2J D8 C2 × C2 K62 = K0G2 triangular
14 HB  1 ∼= kD16J∗ C2 × C2 D8 K55
15 HB X ∼= kG2J∗ C2 × C2 D8 K55 ∼= kQ8#αkC2
16 HC σ1 C2 × C2 C2 × C2 K61 = K0D16 not triangular
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Remark 13 HC σ1 is not triangular for the following reasons. If it were
triangular then by [4, Theorem 2.1] it would be equal to a twisting with a
2-cocycle of a group algebra kG. Then by [24, Theorem 4.1] K0HC σ1 =
K0kG and therefore HC σ1 would be a twisting of kD16 or of kQ16. But
by [16, Theorem 4.1], kQ16 does not have nontrivial cocycle twistings and
HC  1 ∼= kD16J is the only cocycle twisting of kD16.
Remark 14 The following Hopf algebras are self-dual: Hd  −1 1 ∼= H8⊗
kC2 (since H8 is self-dual), Hc σ0 (since comparing K0-rings we see that
Hc σ0
∼= A+3 ∼= A+3 ∗, described in [8, 9]), Hd  1 1 ∼= kD8×C2J and HC σ1
(since there is no other choice for the dual).
2. PRELIMINARIES
First we will need the following deﬁnition, which was introduced in [28].
Deﬁnition 2.1. Let K0H+ denote the abelian semigroup of all equiv-
alence classes of representations of H with the addition given by a direct
sum. Then its enveloping group K0H has the structure of an ordered ring
with involution ∗ and is called the Grothendieck ring.
In [22] the structure of K0H was described for comodules; it was then
translated into the language of modules in [25]. The multiplication in this
ring is deﬁned as follows: let π1 and π2 denote the classes of repre-
sentations equivalent to π1 and π2; then π1 • π2 is the class of the rep-
resentation π1 ⊗ π2 ◦ ; the unit of this ring is the class ε and π∗
is the equivalence class of the dual representation tπ ◦ S deﬁned by
tπ ◦ Shf  v = f π ◦ Shv. The equivalence classes of irre-
ducible representations of H form a basis of K0H and are called basic
elements. If π1     πd are the basic elements then ρ =
∑d
i=1 degπiπi
is called the marked element. For basic elements x and y we write
x •y = ∑
z-basic
mz x •yz
where mz x •y are non-negative integers. Then the following properties
are true (see [22, 25]):
mz x •y = mx∗ y •z∗ (3)
m1 x •y∗ = δx y (4)∑
mz x •y degz = degx •y (5)
For simplicity of notation we will write π instead of π for elements of
K0H. We will denote the degree 2 irreducible representations of H by
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πi and the degree 1 irreducible representations of H (i.e., elements of
GH∗ or multiplicative characters of H) by χi. We denote the generators
of GH∗ by χ, ϕ, and ψ. If H = kG then GkG∗ is the group of
multiplicative characters of G.
The following proposition can be also obtained as a corollary to
[16, Proposition 2.4]:
Proposition 2.1. Let H be a nontrivial semisimple Hopf algebra of
dimension 16. Assume that there exists an element χ ∈ GH∗ ∩ ZH∗ of
order 2 such that χ •π = π for every two-dimensional representation π of H.
Then H∗ has a group algebra of dimension 8 as a quotient.
Proof. Write G = GH∗. Dualizing formulas (1) and (2) we get that as
coalgebras
H∗ = kG⊕ E1 ⊕ E2 if GH∗ = 8
or
H∗ = kG⊕ E1 ⊕ E2 ⊕ E3 if GH∗ = 4
where Ei are simple subcoalgebras of dimension 4 and χEi = Ei. χ− 1H∗
is a normal Hopf ideal of H∗. Then L = H∗/χ− 1H∗ is a Hopf algebra of
dimension 8. Consider the projection p H∗ → L. Since χEi = Ei, pEi =
Ei/χ− 1Ei. Therefore
L = kG/χ ⊕ pE1 ⊕ pE2 if GH∗ = 8
or
L = kG/χ ⊕ pE1 ⊕ pE2 ⊕ pE3 if GH∗ = 4
pEi are cosemisimple coalgebras of dimension 2; therefore each of them
is spanned by two grouplikes. Thus L is spanned by eight grouplikes and L
is a group algebra.
We will also need the notion of a twisting of a Hopf algebra (see
[3, 24, 31]):
Deﬁnition 2.2. The twisting H of a Hopf algebra H is a Hopf algebra
with the same algebra structure and counit and with comultiplication and
antipode given by
h = h−1
Sh = uShu−1
for all h ∈ H, where  ∈ H ⊗H and u ∈ H are invertible elements.
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The new comultiplication  is coassociative if and only if  is a
2-pseudo-cocycle; that is, ∂2 lies in the centralizer of  ⊗ idH in
H ⊗H ⊗H, where
∂2 = id⊗ −11⊗−1⊗ 1⊗ id
 is called a 2-cocycle if ∂2 = 1⊗ 1⊗ 1 and in this case we will denote
it by J.
Remark 21 By [24, Theorem 4.1] K0H ∼= K0H as ordered rings
with marked elements, and thus GH∗ ∼= GH∗.
3. HOPF ALGEBRAS OF DIMENSION 16 WITH A
COMMUTATIVE SUBHOPFALGEBRA OF DIMENSION 8
We apply the methods used by Masuoka in [11, 12, 14]. Let H be a non-
trivial semisimple Hopf algebra of dimension 16 with a sub-Hopf algebra
K = kG∗ of dimension 8. Since K is a Hopf subalgebra of index 2, by [10,
Proposition 2; 20, Theorem 2.1.1] K is normal in H and thus we have an
exact sequence of Hopf algebras
K
i
↪→ H π F (6)
where F = kt ∼= kC2 and K = kG∗, which is cleft by [17, 26]. Such a
sequence is called an extension of F by K and was ﬁrst studied by Kac in [6].
The construction of extensions from cohomological data was done in [1, 18].
K is commutative and F is cocommutative and thus FK form an Abelian
matched pair of Hopf algebras and G t form an Abelian matched pair
of groups (see [5; 12, Sect. 1; 29; 30]). Therefore H becomes a bicrossed
product K#θσF with an action ⇀:F ⊗K → K, a coaction ρ F → F ⊗K,
a cocycle σ  F ⊗ F → K, and a dual cocycle θ F → K ⊗K. G is a normal
subgroup of the group G× t, arising from a matched pair G t, since
G has index 2 in G × t. Thus ρ is trivial and the action by t is a Hopf
algebra automorphism of K (see [12, Sect. 1]). ⇀ is a nontrivial action on
K, since otherwise H ∼= KtC2 as an algebra, and thus H is commutative.
Let v = σt t ∈ K Then by the properties of the cocycle v is a unit and
t ⇀ v = v (7)
Multiplication in H gives us
t
2 = v (8)
tc = t ⇀ ct (9)
where t = 1#t and c ∈ K.
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Moreover, if a unit v ∈ K satisﬁes 7, 8 and 9, we can deﬁne a
cocycle σ by σ1 1 = σ1 t = σt 1 = 1 and σt t = v
We proceed by considering the possible G, namely C8, C4 × C2, C2 ×
C2 × C2, D8, and Q8. Theorem 1.1 says that the ﬁrst case cannot appear.
Proof (Theorem 1.1). Let us prove the statement by induction on n.
When n = 2, by [13, Theorem 2] H is a group algebra and if HkCp2
then H ∼= kCp × Cp and GH ∼= Cp × Cp.
Now assume the statement is true for n = m. Consider H of dimension
pm+1. dimH∗ = pm+1 and thus, by [13, Theorem 1], there exists a cen-
tral grouplike of order p in H∗ and therefore H∗ contains a normal Hopf
subalgebra K ∼= kCp. Thus we get a short exact sequence of Hopf algebras
K
i
↪→ H∗ π F (10)
where F = H∗/K+H∗. Dualizing 10 we get another short exact sequence
of Hopf algebras
F∗
π∗
↪→ H i
∗
 K∗ (11)
where K∗ ∼= K ∼= kCp and dimF∗ = dimF = pm. Thus we get GF∗ ⊆
GH and GF∗ is not cyclic unless F∗ ∼= kCpm . In the ﬁrst case we are
done since it implies that GH is not cyclic. In the second case, since K is
normal in H∗, H∗ is isomorphic as an algebra to a twisted group ring KtF
where F ∼= F∗ ∼= kCpm . It is easy to show that, since F is a group algebra
of a cyclic group, KtF is commutative. Thus H is cocommutative and the
only possible H with a cyclic group of grouplikes is kCpm+1 .
3.1. Case of GH = C4 × C2
We will show that there are at most seven possible Hopf algebras of this
kind. Let H be a nontrivial semisimple Hopf algebra of dimension 16 with
a Hopf subalgebra K = kC4 × C2∗ ∼= kC4 × C2. Then GH = G ∼=
C4 × C2.
Let G = x × y with x = 4 and y = 2. Then the dual basis of
K ∼= K∗ is given by
epq=
1
8
1+ipx+i2px2+i3px31+−1qy p=0123 q=01
Then
Hepq = Kepq =
∑
p1+p2≡p mod 4
q1+q2≡q mod 2
ep1q1 ⊗ ep2q2
Ht = θtt ⊗ t
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where t = 1#t Dualizing 6 we get another extension
F∗
π∗
↪→ H∗ i
∗
 K∗
and as in [11, 2.4; 12, 2.11; 15, 2.1], since k is algebraically closed, there
exist units x and y ∈ H∗, such that x4 = y2 = 1H∗ , epq xiyj = δipδjq,
and α = y−1x−1y x ∈ F∗ = ke0 e1, where er is a dual basis of tr,
r = 0 1. εα = εy−1x−1y x = 1 and therefore α = e0 + ξe1. The right
action ρ∗ F∗ ⊗K∗ → F∗ is trivial, thus F∗ lies in the center of H∗. Now
x = y2x = y xyα = x yαyα = x y2α2 = xα2
Thus α2 = 1 and therefore ξ = ±1.
Ht xiyjek ⊗ xpyqer = t xiyjekxpyqer
= δkrt xi+pyj+qαjpek = ξjpδk1δr1
On the other hand
Ht xiyjek ⊗ xpyqer = θtt ⊗ t xiyjek ⊗ xpyqer
= θt xiyj ⊗ xpyqδk1δr1
Therefore
θt = ∑
ijpq
ξjpeij ⊗ epq
and since H should be non-cocommutative, θt t is nontrivial, and thus
ξ = −1 and
θt = ∑
ijpq
−1jpeij ⊗ epq =
1
2
1+ y ⊗ 1+ 1− y ⊗ x2
Write v = σt t = ∑ ci jei j; then c0 0 = εv = 1 and ci j = 0 since v
is a unit, and
Ht2 = Hv = K
(∑
ci jei j
)
=∑ ci+p j+qei j ⊗ ep q
On the other hand, if we write
t ⇀ ep q = eα1p q α2p q
tt = ∑
ijpq
−1jpeijt ⊗ epqt
∑
ijpq
−1jpeijt ⊗ epqt
= ∑
ijpq
−1jpeij ⊗ epq
∑
ijpq
−1jpeα1i j α2i jt
2 ⊗ eα1p q α2p qt
2
= ∑
ijpq
−1jpeij ⊗ epq
∑
ijpq
−1α2i jα1p qeijt2 ⊗ epqt2
= ∑
ijpq
−1jp+α2i jα1p qcijcpqeij ⊗ epq
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Thus for H to be a bialgebra we should have
ci+p j+q = −1jp+α2i jα1p qci jcp q (12)
Action by t is a Hopf algebra map and therefore t ⇀ G = G and ft  G→
G deﬁned by ftg = t ⇀ g is a group automorphism of order 2. There are
three possibilities for such an automorphism; we consider them below:
Case (a). The action is given by
t ⇀ x = xy
t ⇀ y = y
Then t ⇀ ei j = ei+2j j . Write v = σt t =
∑
ci jei j . By 7 and 12
ci j = ci+2j j (13)
ci+p j+q = ci jcp q (14)
Conditions 13 and 14 imply that c1 0 = −1k and c0 1 = −1l for
k l = 0 1 and
σt t =∑
p q
−1kp+lqep q =
∑−1kpep q∑−1lqep q
= x2kyl k l = 0 1
For k l = 0 1 let Hk l be the Hopf algebras with the structures described
above with cocycles σk lt t = x2kyl. Deﬁne
f :Hk l → Hk+1 l+1
by
f er s = er s
f t = xt
and extend it multiplicatively to f er st. Then f is a trivial group homo-
morphism on GHk l and
f tf t = xtxt = x2yt2 = x2yx2k+1yl+1 = x2kyl = f t2
f tx = f xyt = xyxt = xtx = f tf x
f ⊗ f t = f ⊗ f θtt ⊗ t = θtf t ⊗ f t = θtxt ⊗ xt
= x⊗ xθtt ⊗ t = xt = xt = f t
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and such an f is a Hopf algebra isomorphism between Hk l and Hk+1 l+1.
Thus there are at most two nonisomorphic Hopf algebras of this type:
1. Ha  1 = H0 0 with the trivial cocycle and GH∗a  1 = χ × ϕ ∼=
C4 × C2, where χx = i, χy = χt = 1, ϕx = ϕy = 1, ϕt = −1.
There is a degree 2 irreducible representation deﬁned by
πx =
(
i 0
0 −i
)
πy =
(−1 0
0 −1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ2 + ϕ+ χ2ϕ.
2. Ha  y = H0 1 with the cocycle deﬁned by σt t = y and GH∗a  y =
χ × ϕ ∼= C4 × C2, where χx = i, χy = χt = 1, ϕx = ϕy = 1,
ϕt = −1. There is a degree 2 irreducible representation deﬁned by
πx =
(
i 0
0 −i
)
πy =
(−1 0
0 −1
)
πt =
(
0 −1
1 0
)
with the property π2 = π •π = 1+ χ2 + ϕ+ χ2ϕ.
Case (b). The action is given by
t ⇀ x = x−1
t ⇀ y = y
Then t ⇀ ei j = e−i j . Write v = σt t =
∑
ci jei j . By 7 and 12
ci j = c−i j (15)
ci+p j+q = ci jcp q (16)
Conditions 15 and 16 imply that c1 0 = −1k and c0 1 = −1l for
k l = 0 1 and
σt t =∑
p q
−1kp+lqep q =
∑−1kpep q∑−1lqep q
= x2kyl k l = 0 1
For k l = 0 1 let Hk l be the Hopf algebras with the structures described
above with cocycles σk lt t = x2kyl. Deﬁne
f  H0 0 → H1 0
by
f er s = er r+s
f t = 1
2
1+ i1+ 1− ix2t =
3∑
p=0
1∑
q=0
ip
2
ep qt
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and extend it multiplicatively to f er st. Then f GH0 0 is a group isomor-
phism GH0 0 → GH1 0 with f x = x, f y = x2y, and
f tf t = 1
4
1+ i1+ 1− ix2t1+ i1+ 1− ix2t
= 1
4
1+ i1+ 1− ix22t2 = 1
4
2i · 1+ 4x2 − 2i · 1σ1 0t t
= x2x2 = 1 = f t2
f tx = f x−1t = 1
2
x−11+ i1+ 1− ix2t
= 1
2
1+ i1+ 1− ix2tx = f tf x
f ⊗ f t = f ⊗ f θtt ⊗ t = f ⊗ f 
(∑−1q1p2ep1q1 t ⊗ ep2q2 t
)
=∑−1q1p2ep1q1+p1
∑
ip
2
ep qt ⊗ ep2q2+p2
∑
ip
2
ep qt
=∑−1q1+p1p2 ip21+p22ep1q1 t ⊗ ep2q2 t
=∑−1q1p2 ip21+2p1p2+p22ep1q1 t ⊗ ep2q2 t
=∑−1q1p2 ip1+p22ep1q1 t ⊗ ep2q2 t
=
(∑
ip1+p2
2
ep1q1 ⊗ ep2q2
)(∑−1s1r2er1s1 t ⊗ er2s2 t
)
= 
(∑
ip
2
ep q
)
t = 
(∑
ip
2
ep qt
)
= f t
and such an f is a Hopf algebra isomorphism betweenH0 0 andH1 0. There
are at most three nonisomorphic Hopf algebras of this kind:
1. Hb  1 = H0 0 with the trivial cocycle and GH∗b  1 = χ × ϕ ×
ψ ∼= C2 × C2 × C2, where χx = −1, χy = χt = 1, ϕx = ϕy = 1,
ϕt = −1, ψy = −1, ψx = ψt = 1. There is a degree 2 irreducible
representation deﬁned by
πx =
(
i 0
0 −i
)
πy =
(
1 0
0 1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ+ ϕ+ χϕ.
2. Hb  y = H01 with the cocycle deﬁned by σt t = y and GH∗b  y =
χ × ϕ ∼= C4 × C2, where χx = 1, χy = −1, χt = i, ϕx = −1,
ϕy = ϕt = 1. There is a degree 2 irreducible representation deﬁned by
πx =
(
i 0
0 −i
)
πy =
(
1 0
0 1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ2 + ϕ+ χ2ϕ.
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3. Hb x2y = H1 1 with the cocycle deﬁned by σt t = x2y and
GH∗b x2y = χ × ϕ ∼= C4 × C2, where χx = 1, χy = −1, χt = i,
ϕx = −1, ϕy = ϕt = 1. There is a degree 2 irreducible representation
deﬁned by
πx =
(
i 0
0 −i
)
πy =
(
1 0
0 1
)
πt =
(
0 −1
1 0
)
with the property π2 = π •π = 1+ χ2 + ϕ+ χ2ϕ.
Case (c). The action is given by
t ⇀ x = x
t ⇀ y = x2y
Then t ⇀ ei j = ei j+i. Write v = σt t =
∑
ci jei j . By 7 and 12
ci j = ci i+j (17)
ci+p j+q = −1ipci jcp q (18)
Conditions 17 and 18 imply that c41 0 = c0 1 = 1, c2 0 = −c21 0. Thus
c1 0 = ik for k = 0 1 2 3 and
σkt t =
∑
p q
−1pp−1/2ikpep q = x1−k
(
1+ i
2
1+ 1− i
2
x2
)

For k = 0 1 2 3 let Hk be the Hopf algebras with the structures
described above with cocycles σk. Deﬁne
f :Hk+2 → Hk
by
f ep q = ep q
f t = ∑
p q
−1qep qt = yt
and extend it multiplicatively to f ep qt. Then
f tf t = ytyt = x2t2 = x2x1−k−2
(
1+ i
2
+ 1− i
2
x2
)
= x1−k
(
1+ i
2
+ 1− i
2
x2
)
= f
(
t
2
)
f ty = f x2yt = x2yyt = yty = f tf y
f ⊗ f t = f ⊗ f θtt ⊗ t = θtf t ⊗ f t = θtyt ⊗ yt
= y ⊗ yθtt ⊗ t = yt = yt = f t
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and such an f is a Hopf algebra isomorphism between Hk+2 and Hk. Thus
there are exactly 2 nonisomorphic Hopf algebras of this type:
1. Hc σ0 = H0 with cocycle σ0 deﬁned by σt t = 1 + i/2x +1 − i/2x3 and GH∗c σ0 = χ × ϕ ∼= C4 × C2, where χx = −1,
χy = 1, χt = i, ϕy = −1, ϕx = ϕt = 1. There is a degree 2
irreducible representation deﬁned by
πx =
(
i 0
0 i
)
πy =
(
0 1
1 0
)
πt =
(
i 0
0 −i
)
with the property π2 = π •π = χ+ χ3 + χϕ+ χ3ϕ.
2. Hc σ1 = H1 with cocycle σ1 deﬁned by σt t = 1 + i/21 +1 − i/2x2 and GH∗c σ1 = χ × ϕ × ψ ∼= C2 × C2 × C2, where
χy = −1, χx = χt = 1, ϕx = ϕy = 1, ϕt = −1, ψx = −1,
ψy = ψt = 1. There is a degree 2 irreducible representation deﬁned by
πx =
(
i 0
0 i
)
πy =
(
0 1
1 0
)
πt =
(
ω 0
0 −ω
)
where ω is a primitive eighth root of unity, with the property π2 = π •π =
ψ+ χψ+ ϕψ+ χϕψ.
3.2. Case of GH = C2 × C2 × C2
We will show that there are at most four possible Hopf algebras of this
kind. Let H be a nontrivial semisimple Hopf algebra of dimension 16 with a
Hopf subalgebra K = kC2 × C2 × C2∗ ∼= kC2 × C2 × C2. Then GH =
G ∼= C2 × C2 × C2.
Let GH = x × y × z, where x = y = z = 2. Then the dual
basis of K ∼= K∗ is given by
ep q r =
1
8
1+ −1px1+ −1qy1+ −1rz p q r = 0 1
Then
Hep q r = Kep q r =
∑
p1+p2≡p mod 2
q1+q2≡q mod 2
r1+r2≡r mod 2
ep1 q1 r1 ⊗ ep2 q2 r2
Ht = θtt ⊗ t
where t = 1#t Dualizing 6 we get another extension
F∗
π∗
↪→ H∗ i
∗
 K∗
and as in [11, 2.4; 12, 2.11; 15, 2.1], since k is algebraically closed,
there exist units x, y, and z ∈ H∗, such that x2 = y2 = z2 = 1H∗ ,
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ep q r xiyjzk = δipδjqδkr , and α = z−1y−1z y β = z−1x−1z x γ =
y−1x−1y x ∈ F∗ = ke0 e1, where er is a dual basis of tr, r = 0 1.
εα = εβ = εγ = 1 and therefore α = e0 + ξ3e1 β = e0 + ξ2e1 γ =
e0 + ξ1e1. The right action ρ∗ F∗ ⊗K∗ → F∗ is trivial, thus F∗ lies in the
center of H∗. Now
x = y2x = yx yγ = x yγyγ = x y2γ2 = xγ2
Thus γ2 = 1 and similarly α2 = β2 = 1. Therefore ξ1 ξ2 ξ3 = ±1 and,
since H∗ is non-commutative, they cannot be all equal to 1. Now
Ht xiyjzkel ⊗ xpyqzres = t xiyjzkelxpyqzres
= δlst xi+pyj+qzk+rαkqβkpγjpel
= ξjp1 ξkp2 ξkq3 δl1δs1
On the other hand
Ht xiyjzkel ⊗ xpyqzres = θtt ⊗ t xiyjzkel ⊗ xpyqzres
= θt xiyjzk ⊗ xpyqzrδp1δs1
Therefore
θt = ∑
ijkpqr
ξ
jp
1 ξ
kp
2 ξ
kq
3 ei j k ⊗ ep q r 
Action by t is a Hopf algebra map and therefore t ⇀ G = G and
ft  G → G deﬁned by ftg = t ⇀ g is a group automorphism of order 2.
Then, without loss of generality there is only one possibility for such an
automorphism:
t ⇀ x = y
t ⇀ y = x
t ⇀ z = z
Then t ⇀ ei j k = ej i k.
Write v = σt t = ∑ ci j kei j k; then c0 0 0 = εv = 1 and ci j k = 0
since v is a unit. By formula 7
ci j k = cj i k (19)
For H to be a bialgebra we need Ht2 = HtHt
Ht2 = Hv = K
(∑
ci j kei j k
)
=∑ ci+p j+q k+rei j k ⊗ ep q r 
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On the other hand,
HtHt = θtt ⊗ tθtt ⊗ t
=
(∑
ijpq
ξ
jp
1 ξ
kp
2 ξ
kq
3 ei j k ⊗ ep q r
)(∑
ijpq
ξ
jp
1 ξ
kp
2 ξ
kq
3 t ⇀ ei j k
⊗t ⇀ ep q r
)
σt t ⊗ σt t
=∑ ξjp+iq1 ξkp+kq2 ξkq+kp3 ci j kcp q rei j k ⊗ ep q r 
Therefore
ci+p j+q k+r = ξjp+iq1 ξkp+kq2 ξkq+kp3 ci j kcp q r (20)
Conditions 19 and 20 imply that c21 0 0 = c20 1 0 = c20 0 1 = c21 1 0 =
c21 1 1 = 1 and c0 1 0 = c1 0 0
c1 1 0 = ξ1c0 1 0c1 0 0 = ξ1c2100 = ξ1
c1 0 1 = c1 0 0c0 0 1
c1 0 1 = c0 0 1c1 0 0ξ2ξ3
Thus ξ2ξ3 = 1; that is, ξ2 = ξ3 and c1 0 0 = c0 1 0 = ω = ±1 and c0 0 1 =
τ = ± 1 and
θt = ∑
ijkpqr
ξ
jp
1 ξ
kp+kq
2 ei j k ⊗ ep q r
σt t = e0 0 0 + τe0 0 1 + ξ1e1 1 0 + ξ1τe1 1 1
+ωe1 0 0 + e0 1 0 + τe1 0 1 + τe0 1 1
=∑ωp+qep q r∑ ξpq1 ep q r∑ τrep q r
= 1
2
xyδω−11+ x+ y − xyδξ1−1zδτ−1 
For ξ1 ξ2 τω = ±1 let Hd  ξ1 ξ2 τω be the Hopf algebras with the
structures described above with cocycles σξ1 τω. Then σξ1 τ−1t t =
xyσξ1 τ 1t t. Deﬁne
f :Hd  ξ1 ξ2 τ−1 → Hd  ξ1 ξ2 τ 1
by
f ep q r = ep q r
f t = xt
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and extend it multiplicatively to f ep q r t. Then
f tf t = xtxt = xyt2 = xyσξ1 τ 1t t = σξ1 τ−1t t
= f σξ1 τ−1t t = f t
2
f tx = f yt = yxt = xtx = f tf x
f ty = f xt = x2t = xty = f tf y
f ◦ f t = f ◦ f θtt ⊗ t = θtf t ⊗ f t = θtxt ⊗ xt
= x⊗ xθtt ⊗ t = xt = xt = f t
and such an f is a Hopf algebra isomorphism between Hd  ξ1 ξ2 τ−1 and
Hd  ξ1 ξ2 τ 1. Deﬁne
f ′ Hd  −1−1 τ 1 → Hd  −1 1 τ 1
by
f ′ep q r = ep+r q+r r
f ′t = 1
2
1+ z + iy − iyzt =∑ ir2−1qrep q r t
and extend it multiplicatively to f ′ep q r t. Then f ′ GHd  −1−1 τ 1 is a group
isomorphism GHd  −1−1 τ 1 → GHd  −1 1 τ 1 with f ′x = xz, f ′y =
yz, f ′z = z, and
f ′tf ′t = 1
4
1+ z + iy1− zt1+ z + iy1− zt
= 1
4
1+ z + iy1− z1+ z + ix1− zt2
= 1
8
2 + 2z − xy2 − 2z1+ x+ y − xyzδτ−1
= 1
4
1− xy + z1+ xy1− xy + x1+ xyzδτ−1
= 1
4
2 − 2xy + xz2 + 2xyzδτ−1 = 1
2
1+ xz + yz − xyzδτ−1
= f
(
1
2
1+ x+ y − xyzδτ−1
)
= f ′t2
f ′tx = f ′yt = 1
2
yz1+ z + iy − iyzt
= 1
2
1+ z + iy − iyztxz = f ′tf ′x
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f ′ty = f ′xt = 1
2
xz1+ z + iy − iyzt
= 1
2
1+ z + iy − iyztyz = f ′tf ′y
f ′ ⊗ f ′t = f ′ ⊗ f ′θtt ⊗ t
= f ′ ⊗ f ′
(∑−1bp−1cp+cqea b ct ⊗ ep q r t)
=
(∑−1bp−1cp+qea+c b+c c ⊗ ep+r q+r r
)
×
(∑
in
2−1mnelm nt ⊗
∑
in
2−1mnelm nt
)
=
(∑−1b+cp+r−1cp+qea b c ⊗ ep q r
)
×
(∑
in
2−1mnelm nt ⊗
∑
in
2−1mnelm nt
)
=∑−1bp+cp+br+cr−1cp+cqic2−1bcir2−1qr
× ea b ct ⊗ ep q r t
=∑−1bp+br+cq+bc+qr−1cr ic2 ir2ea b ct ⊗ ep q r t
=∑ ic+r2−1b+qc+r−1bpea b ct ⊗ ep q r t
=∑ in2−1mn ∑
l1+l2=l
m1+m2=m
n1+n2=n
el1m1 n1 ⊗ el2m2 n2
×∑−1bpea b ct ⊗ ep q r t
=∑ in2−1mnelm nt
= 
(∑
in
2−1mnelm nt
)
= f ′t
and such an f ′ is a Hopf algebra isomorphism between Hd  −1−1 τ 1 and
Hd  −1 1 τ 1. Thus we may assume that ω = 1 and ξ2 = −1. Therefore there
are at most four nonisomorphic Hopf algebras Hd  ξ1τ of this kind, Hd  1 1,
Hd  1−1, Hd  −1 1 and Hd  −1−1:
1. Hd  1 1 with the trivial cocycle and GH∗d  1 1 = χ × ϕ × ψ ∼=
C2 × C2 × C2, where χx = χy = χz = 1, χt = −1, ϕx =
ϕy = −1, ϕz = ϕt = 1, ψz = −1, ψx = ψy = ψt = 1.
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There is a degree 2 irreducible representation deﬁned by
πx =
(
1 0
0 −1
)
πy =
(−1 0
0 1
)
πz =
(
1 0
0 1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ+ ϕ+ χϕ.
2 Hd  1−1 with the cocycle deﬁned by σt t = z and GH∗d  1−1 =
χ × ϕ ∼= C4×C2, where χx = χy = 1, χz = −1, χt = i, ϕx =
ϕy = −1, ϕt = ϕz = 1. There is a degree 2 irreducible representation
deﬁned by
πx =
(
1 0
0 −1
)
πy =
(−1 0
0 1
)
πz =
(
1 0
0 1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ2 + ϕ+ χ2ϕ.
3. Hd  −1 1 with the cocycle deﬁned by σt t = 12 1 + x + y − xy
and GH∗d  −1 1 = χ × ϕ × ψ ∼= C2 × C2 × C2, where χx = χy =
χz = 1, χt = −1, ϕx = ϕy = −1, ϕz = 1, ϕt = i, ψz = −1,
ψx = ψy = ψt = 1. There is a degree 2 irreducible representation
deﬁned by
πx =
(
1 0
0 −1
)
πy =
(−1 0
0 1
)
πz =
(
1 0
0 1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ+ ϕ+ χϕ.
4. Hd  −1−1 with the cocycle deﬁned by σt t = 12 1+ x+ y − xyz
and GH∗d  −1−1 = χ × ϕ ∼= C4 × C2, where χx = χy = 1, χz =
−1, χt = i, ϕx = ϕy = −1, ϕz = 1, ϕt = i. There is a degree 2
irreducible representation deﬁned by
πx =
(
1 0
0 −1
)
πy =
(−1 0
0 1
)
πz =
(
1 0
0 1
)
πt =
(
0 1
1 0
)
with the property π2 = π •π = 1+ χ2 + ϕ+ χ2ϕ.
3.3. Case of G = D8
Let G = D8 = x y  x4 = y2 = 1 yx = x−1y. Let epqp=0 1 2 3q=0 1
be the basis of K, dual to the basis xpyqp=0 1 2 3q=0 1 of K∗ = kD8. Then
Hepq = Kepq =
∑
p1+p2+2q1p2≡p mod 4
q1+q2≡q mod 2
ep1q1 ⊗ ep2q2
and it is easy to check that elements
X =∑
pq
−1pepq
Y =∑
pq
−1qepq
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are grouplike of order 2. For t = 1#t
Ht = θtt ⊗ t
Dualizing 6 we get another extension
F∗
π∗
↪→ H∗ i
∗
 K∗
and as in [11, 2.4; 12, 2.11; 15, 2.1], since k is algebraically closed, there
exist units x and y ∈ H∗, such that x4 = y2 = 1H∗ , epq xiyj = δipδjq,
and α = y x2y x2 ∈ F∗ = ke0 e1, where er is a dual basis of tr,
r = 0 1. The right action ρ∗ F∗ ⊗ K∗ → F∗ is trivial; thus F∗ lies in the
center of H∗.
x2 = y2x2 = y x2yα = x2yαyα = x2y2α2 = x2α2
Thus α2 = 1.
Consider β = y x y x ∈ F∗ = ke0 e1. εβ = εy−1x−1y x = 1 and
therefore β = e0 + ξe1. Moreover, y x y x−1 = βx2 and
x = y2x = yβx2x y = yβx2yβx2x = y x2y x3β2 = y2αx2x3β2 = xαβ2
Thus β2 = α−1 = α, implying β4 = 1 and ξ = ±1 or ±i.
Ht xiyjek ⊗ xpyqer = t xiyjekxpyqer = δkrt xi+pβjpx2jpyj+qek
= δkrt xi+p+2jpyj+qβjpek = ξjpδk1δr1
On the other hand
Ht xiyjek ⊗ xpyqer = θtt ⊗ t xiyjek ⊗ xpyqer
= θt xiyj ⊗ xpyqδk1δr1
Therefore
θt = ∑
ijpq
ξjpeij ⊗ epq
It is easy to check that if ξ = ±i then 1XY and XY are the only
grouplikes of H. Write v = σt t = ∑ ci jei j; then c0 0 = εv = 1 and
ci j = 0 since v is a unit and
Ht2 = Hv = K
(∑
ci jei j
)
=∑ cp+r+2rq q+sep q ⊗ er s
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On the other hand, if we write
t ⇀ ep q = eα1pq α2p q
tt = ∑
pqrs
ξqrep qt ⊗ er st
∑
pqrs
ξqrep qt ⊗ er st
= ∑
pqrs
ξqrep q ⊗ er s
∑
pqrs
ξqreα1p q α2p qt
2 ⊗ eα1r s α2r st
2
= ∑
pqrs
ξqrep q ⊗ er s
∑
pqrs
ξα2p qα1r sep qt
2 ⊗ er st2
= ∑
pqrs
ξqr+α2p qα1r scpqcrsep q ⊗ er s
Thus for H to be a bialgebra we should have
cp+r+2rq q+s = ξqr+α2p qα1r scpqcrs (21)
Action by t is a Hopf algebra map and therefore it induces a group
automorphism ft  G → G deﬁned by ep q ftg = t ⇀ ep q g, which
has order 2.
ftx = x or x−1 since the order of x is 4. If ftx = x then in order for ft
to be of order 2 we should have fty = x2y. If ftx = x−1 then renaming
generators we are down to two choices for fty, namely fty = y or xy.
Thus there are three possibilities for the action of t; we consider them
below:
Case (A). The action is given by t ⇀ ep q = ep+2q q, corresponding to
ftx = x
fty = x2y
Then X and Y are central grouplikes of H. Write v = σt t =∑ cp qep q.
By 7 and 21
cp q = cp+2q q (22)
cp+r+2rq q+s = ξqr+qr+2scp qcr s = ξ2qr+scp qcr s (23)
Conditions 22 and 23 imply that
ξ2c0 1c1 0 = c3 1 = c1 1 = c1 0c0 1
ξ2c0 1c0 1 = c0 0 = 1
c1 0c1 0 = c2 0
c2 0c0 1 = c2 1 = c0 1
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Thus ξ2 = 1, c2 0 = 1, and c21 0 = c20 1 = 1. Therefore c1 0 = −1k and
c0 1 = −1l for k l = 0 1 and
σt t =∑−1kp−1lqep q =∑−1kpep q∑−1lser s
= XkY l k l = 0 1 (24)
If ξ = 1 then t is a grouplike ofH; if ξ = −1 then∑ ipep qt is a grouplike
of H. In both cases GH is Abelian of order 8 and H was described in
Section 3.1 or Section 3.2.
Case (B). The action is given by t ⇀ ep q = e−p q, corresponding to
ftx = x−1
fty = y
Then X and Y are central grouplikes of H. Write v = σt t =∑ cp qep q.
By 7 and 21
cp q = c−p q (25)
cp+r+2rq q+s = ξqr−qrcp qcr s = cp qcr s (26)
Conditions 25 and 26 imply that c10 = −1k and c01 = −1l for
k l = 0 1 and
σt t =∑−1kp−1lqep q =∑−1kpep q∑−1lser s
= XkY l k l = 0 1 (27)
If ξ = 1 then t is a grouplike of H; if ξ = −1 then ∑ ipep qt is a grouplike
of H. In both cases GH is Abelian of order 8 and H was described in
Section 3.1 or Section 3.2. So now we will consider only ξ = ±i.
For k l = 0 1 let HξXkY l be the Hopf algebras with the structures
described above with cocycles σk lt t = XkY l. Deﬁne
f :H−ξXkY l → HξXkY l
by
f er s = er s
f t = ∑ ipep qt
and extend it multiplicatively to f er st. Then
f tf t =∑ ipep qt∑ ipep qt =∑ ipep q∑ i−pep qt2 = t2 = f t2
f ter s = f e−r st = e−r s
∑
ipep qt =
∑
ipep qter s = f tf er s
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f t = 
(∑
ipep qt
)
= 
(∑
ipep q
)
t
=
(∑
ip1+p2+2q1p2ep1 q1 ⊗ ep2q2
)(∑
ξs1r2er1 s1 t ⊗ er2 s2 t
)
=
(∑
ip1+p2+2q1p2ξq1p2ep1 q1 t ⊗ ep2 q2 t
)
=∑ ip1+p2−ξq1p2ep1 q1 t ⊗ ep2q2 t
=∑−ξq1p2ep1 q1f t ⊗ ep2 q2f t
= f ⊗ f 
(∑−ξq1p2ep1 q1 t ⊗ ep2 q2 t
)
= f ⊗ f t
and such an f is a Hopf algebra isomorphism between HξXkY l and
H−ξXkY l . Thus we may assume that ξ = i and write HiXkY l = HXkYl .
Deﬁne
f ′ HXkY → HXk
by
f ′er s = er+2ss
f ′t = ∑ iq2ep qt =
(
1+ i
2
1+ 1− i
2
Y
)
t
and extend it multiplicatively to f ′er st. Note that restriction f ′kD8∗
corresponds to the group automorphism ft described in Case (A) and
f ′X = X f ′Y  = Y . Then
f ′tf ′t =∑ iq2ep qt∑ iq2ep qt =∑ iq2ep q∑ iq2e−p qt2
=∑−1qep qXk = YXk = f ′YXk = f ′t2
f ′ter s = f ′e−r st = e−r+2s s
∑
iq
2
ep qt
=∑ iq2ep qter−2s s = f ′tf ′er s
It is easy to check that f ′t = f ′ ⊗ f ′t and therefore such an f ′
is a Hopf algebra isomorphism between HXkY and HXk . Thus there are at
most two nonisomorphic Hopf algebras of this kind:
1. HB  1 with trivial cocycle and GH∗B  1 = χϕ ∼= D8, where
ϕer s = δr 2δs 0, ϕt = 1, χer s = δr 2δs 1, χt = −1. There are two
degree 2 irreducible representations deﬁned by
π1e1 0 =
(
1 0
0 0
)
π1e3 0 =
(
0 0
0 1
)
π1t =
(
0 1
1 0
)
π2e1 1 =
(
1 0
0 0
)
π2e3 1 =
(
0 0
0 1
)
π2t =
(
0 1
1 0
)
with the property π2k = πk •πk = 1+ χ2 + ϕ+ χ2ϕ.
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2. HB x with the cocycle deﬁned by σXt t = X and GH∗B x =
χϕ ∼= D8, where χer s = δr 2δs 1 , χt = −1, ϕer s = δr 2δs 0, ϕt =
1. There are two degree 2 irreducible representations deﬁned by
π1e1 0 =
(
1 0
0 0
)
π1e3 0 =
(
0 0
0 1
)
π1t =
(
0 1
−1 0
)
π2e1 1 =
(
1 0
0 0
)
π2e3 1 =
(
0 0
0 1
)
π2t =
(
0 1
−1 0
)
with the property π2k = πk •πk = 1+ χ2 + ϕ+ χ2ϕ.
Case (C). The action is given by t ⇀ ep q = e−p+q q, corresponding to
ftx = x−1
fty = xy
Then Y is a central grouplike of H. Write v = σt t =∑ cp qep q. By 7
and 21
cp q = c−p+q q (28)
cp+r+2rq q+s = ξqr+q−r+scp qcr s = ξqscp qcr s (29)
Conditions 28 and 29 imply that
c0 1 = c1 1
c2 1 = c3 1
c1 0 = c3 0
c1 0c0 1 = c1 1 = c0 1
c0 1c1 0 = c3 1
ξc0 1c0 1 = c0 0 = 1
Thus c1 0 = 1 and c0 1 = ωk, where ω is a primitive eighth root of 1 and
ξ = ω−2k. Therefore
σkt t =
∑
ωkqep q =
1+ Y
2
+ ω
k1− Y 
2
 k = 0     7
For k = 0     7 let Hk be the Hopf algebra with the structure described
above with cocycle σkt t. Deﬁne
f  Hk+2 → Hk
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by
f ep q = ep q
f t =∑
p q
ipep qt
and extend it multiplicatively to f ep qt. Then
f tf t =∑ ipep qt∑ ipep qt= ∑ ipep q∑ ipe−p+q qt2
=∑ ipi−p+qep qσkt t= ∑ iqep q∑ωkqep q
=∑ωkq+2qep q=σk+2t t= f σk+ 2t t= f t2
f tep q = f e−p+q qt= e−p+q q
∑
ipep qt=
∑
ipep qtep q= f tf ep q
f t = 
(∑
ipep qt
)
=
(∑
ipep q
)
t
=
(∑
ip1+p2+2q1p2ep1 q1 ⊗ ep2 q2
)(∑
ω−2ks1r2er1 s1 t ⊗ er2 s2 t
)
=
(∑
ip1+p2+2q1p2ω−2kq1p2ep1 q1 t ⊗ ep2 q2 t
)
=∑ ip1+p2ω−2k+2q1p2ep1 q1 t ⊗ ep2q2 t
=∑ω−2k+2q1p2ep1q1f t ⊗ ep2 q2f t
= f ⊗ f 
(∑
ω−2k+2q1p2ep1 q1 t ⊗ ep2 q2 t
)
=f ⊗ f t
and such an f is a Hopf algebra isomorphism between Hk and Hk+2. Thus
there are exactly two nonisomorphic Hopf algebras of this type:
1. HC  1 = H0 with a trivial cocycle and ξ = 1. Then GHC  1 =
XtX ∼= D8 and GH∗C  1 = χ × ϕ ∼= C2 × C2, where χep q =
δp 2δq 0, χt = 1, ϕep q = δp 0δq 0, ϕt = −1. There are three degree 2
irreducible representations deﬁned by
π1e0 1 =
(
1 0
0 0
)
π1e1 1 =
(
0 0
0 1
)
π1t =
(
0 1
1 0
)
π2e1 0 =
(
1 0
0 0
)
π2e3 0 =
(
0 0
0 1
)
π2t =
(
0 1
1 0
)
π3e2 1 =
(
1 0
0 0
)
π3e3 1 =
(
0 0
0 1
)
π3t =
(
0 1
1 0
)
with the property π22 = π2 •π2 = 1+ χ+ ϕ+ χϕ, π21 = π23 = 1+ ϕ+ π2.
2. HC σ1 with cocycle σ1 deﬁned by σ1t t =
∑
ωqep q and
ξ = ω−2, where ω is a primitive eighth root of 1. Then GHC σ1 =X × Y  ∼= C2 × C2 and GH∗C σ1 = χ × ϕ ∼= C2 × C2,
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where χep q = δp 2δq 0, χt = 1, ϕep q = δp 0δq 0, ϕt = −1.
There are three degree 2 irreducible representations deﬁned by
π1e0 1 =
(
1 0
0 0
)
π1e1 1 =
(
0 0
0 1
)
π1t =
(
0
√
ω√
ω 0
)
π2e1 0 =
(
1 0
0 0
)
π2e3 0 =
(
0 0
0 1
)
π2t =
(
0 1
1 0
)
π3e2 1 =
(
1 0
0 0
)
π3e3 1 =
(
0 0
0 1
)
π3t =
(
0
√
ω√
ω 0
)
with the property π22 = π2 •π2 = 1+ χ+ ϕ+ χϕ, π21 = π23 = 1+ ϕ+ π2.
3.4. Case of G = Q8
LetG = Q8 = x y  x4 = 1 y2 = x2 yx = x−1y. Letepqp=0 1 2 3q=0 1
be the basis of K, dual to the basis xpyqp=0 1 2 3q=0 1 of K∗ = kQ8. Then
Hepq = Kepq =
∑
p1+p2+2q1p2+q2≡p mod 4
q1+q2≡q mod 2
ep1q1 ⊗ ep2q2
and it is easy to check that elements
X =∑
pq
−1pepq
Y =∑
pq
−1qepq
are grouplike of order 2. For t = 1#t
Ht = θtt ⊗ t
Dualizing 6 we get another extension
F∗
π∗
↪→ H∗ i
∗
 K∗
and as in [11, 2.4; 12, 2.11; 15, 2.1], since k is algebraically closed, there exist
units x and y ∈ H∗, such that such that x4 = 1H∗ , y2 = x2, epq xiyj =
δipδjq, and α = x y x y−1 ∈ F∗ = ke0 e1, where er is a dual basis of
tr, r = 0 1. εα = εx y x y−1 = 1 and therefore α = e0 + ξe1. The
right action ρ∗:F∗ ⊗ K∗ → F∗ is trivial; thus F∗ lies in the center of H∗.
Moreover, x2 = y2 also lies in the center of H∗. Then
x y x−1y−1 = x y x3y−1 = x y x y−1x2 = αx2
x3 = xx2 = x y2 = αx2y x y = αx2yαx2y x = α2x4y2x = α2x3
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Thus α2 = 1 and ξ = ±1.
Ht xiyjek ⊗ xpyqer = t xiyjekxpyqer = δkrt xi+pαx2−jpyjyqek
= δkrt xi+p+2jp+2jqyj+q−2jqαjpek = ξjpδk1δr1
On the other hand
Ht xiyjek ⊗ xpyqer = θtt ⊗ t xiyjek ⊗ xpyqer
= θt xiyj ⊗ xpyqδk1δr1
Therefore
θt = ∑
ijpq
ξjpeij ⊗ epq
If ξ = 1 then t is a grouplike of H; if ξ = −1 then ∑ ip+q2ep qt is a
grouplike of H. Thus GH has always order 8.
Write v = σt t = ∑ ci jei j; then c0 0 = εv = 1 and ci j = 0 since v
is a unit, and
Ht2 = Hv = K
(∑
ci jei j
)
=∑ cp+r+2rq+2sq q+sep q ⊗ er s
Action by t is a Hopf algebra map and therefore it induces a group
automorphism ft  G → G deﬁned by ep q ftg = t ⇀ ep q g, which
has order 2. Renaming generators we are down to two choices for ft ; we
consider them below:
Case (D). The action is given by t ⇀ ei j = ei+2j j , corresponding to
ftx = x
fty = x2y
Then X and Y are central grouplikes of H. Thus GH is Abelian of order
8 and H was described in Section 3.1 or Section 3.2.
Case (E). The action is given by t ⇀ ei j = e−i+j j , corresponding to
ftx = x−1
fty = xy
Then Y is a central grouplike of H. Write v = σt t =∑ ci jei j . By 7
ci j = c−i+j j  (30)
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On the other hand, for H to be a bialgebra
H
(
t
2
)
= HtHt = θtt⊗ tθtt⊗ t
=
(∑
pqrs
ξrqepq ⊗ ers
)(∑
pqrs
ξrqt ⇀ epq⊗ t ⇀ ers
)
σt t⊗σt t
=∑ ξrqξ−r+sqcp qcr sep q⊗ er s = ∑ ξqscp qcr sep q⊗ er s
Therefore
cp+r+2r+sq q+s = ξqscp qcr s (31)
Conditions 30 and 31 imply that
c0 1 = c1 1
c2 1 = c3 1
c1 0 = c3 0
c1 0c0 1 = c1 1 = c0 1
c0 1c1 0 = c3 1
ξc0 1c0 1 = c2 0 = c1 0c10
Thus c1 0 = 1 and c0 1 = ik, where ξ = i2k and k = 0 1 2 3. Therefore
σkt t =
∑
ikqep q =
1+ Y
2
+ i
k1− Y 
2

Let Hk be the Hopf algebra with the structure described above with cocycle
σkt t. Deﬁne
f  Hk → Hk+1
by
f ep q = ep q
f t = ∑
p q
ip+q
2
ep qt
and extend it multiplicatively to f ep qt. Then
f tf t =∑ ip+q2ep qt∑ ip+q2ep qt =∑ ip+q2ep q∑ ip+q2e−p+qqt2
=∑ ip+q2 i−p+q+q2ep qσk+1t t =∑ i3qep q∑ ik+1qep q
=∑ ik+1q+3qep q =∑ ikqep q = σkt t = f σkt t = f t2
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f tep q = f e−p+qqt = e−p+qq
∑
ip+q
2
ep qt
=∑ ip+q2ep qtep q = f tf ep q
f t = 
(∑
ip+q
2
ep qt
)
= 
(∑
ip+q
2
ep q
)
t
=
(∑
ip1+p2+2q1p2+q2+q1+q2
2
ep1q1 ⊗ ep2q2
)
×
(∑
i2k+1s1r2er1s1 t ⊗ er2s2 t
)
=
(∑
ip1+p2+2q1p2+q2+q1+q2
2+2k+1q1p2ep1q1 t ⊗ ep2q2 t
)
=∑ ip1+p2+q21+q22 i2kq1p2ep1q1 t ⊗ ep2q2 t
=∑ i2kq1p2ep1q1f t ⊗ ep2q2f t
= f ⊗ f 
(∑
i2kq1p2ep1q1 t ⊗ ep2q2 t
)
= f ⊗ f t
and such an f is a Hopf algebra isomorphism between Hk and Hk+1. Thus
there is exactly one Hopf algebra of this type: HE = H0 with a trivial
cocycle and ξ = 1. Then GHE = XtX ∼= D8 and GH∗E = χ ×
ϕ ∼= C2 × C2, where χep q = δp2δq0, χt = 1, ϕep q = δp0δq0,
ϕt = −1. There are three degree 2 irreducible representations deﬁned by
π1e0 1 =
(
1 0
0 0
)
π1e1 1 =
(
0 0
0 1
)
π1t =
(
0 1
1 0
)
π2e1 0 =
(
1 0
0 0
)
π2e3 0 =
(
0 0
0 1
)
π2t =
(
0 1
1 0
)
π3e2 1 =
(
1 0
0 0
)
π3e3 1 =
(
0 0
0 1
)
π3t =
(
0 1
1 0
)
with the property π22 = π2 •π2 = 1+ χ+ ϕ+ χϕ, π21 = π23 = χ+ χϕ+ π2.
3.5. Summary
Proposition 3.1. Let H be a nontrivial semisimple Hopf algebra of
dimension 16. Then GH is Abelian of order 8 if and only if GH∗ is
Abelian of order 8.
Proof. All nontrivial Hopf algebras with Abelian groups of grouplikes
were described in Sections 3.1 and 3.2 and their duals have Abelian groups
of grouplikes of order 8.
Proposition 3.2. There are exactly seven nonisomorphic nontrivial semi-
simple Hopf algebras of dimension 16 with GH ∼= C4 × C2.
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Proof. All nontrivial Hopf algebras with GH ∼= C4 × C2 were
described in Section 3.1. There are at most seven nonisomorphic Hopf
algebras with GH ∼= C4 × C2, namely Ha  1, Ha  y , Hb  1, Hb  y , Hb x2y ,
Hc σ0 , Hc σ1 .
Assume f is a Hopf algebra isomorphism between Hopf algebras H1 and
H2 with GH1 ∼= GH2 ∼= C4 × C2. Then we get a group isomorphism
f GH1:GH1 → GH2
Write GH1 ∼= GH2 = x × y, where x = 4 and y = 2. Then the
dual basis of kGH1 ∼= kGH2 is given by
epq =
1
8
1+ ipx+ i2px2 + i3px31+ −1qy p = 0 1 2 3 q = 0 1
Write
f ep q = eα1p q α2p q
f−1ep q = eβ1p qβ2p q
where α1p q β1p q ∈ 0 1 2 3 and α2p q β2p q ∈ 0 1.
Write epqtrp=0 1 2 3 q=0 1 r=0 1 and epqT rp=0 1 2 3 q=0 1 r=0 1 for the
bases of H1 and H2, respectively. Write
f t = ∑
p q r
λp q repqT
r
Then
f t = 
( ∑
p q r
λp q repqT
r
)
=∑
p q
λp q 0epq +
∑
p q
λp q 1epqT 
=∑λp1+p2 q1+q2 0ep1q1 ⊗ ep2q2
+
(∑
λp1+p2 q1+q2 1ep1q1 ⊗ ep2q2
)(∑−1bceabT ⊗ ecdT
)
=∑λp1+p2 q1+q2 0ep1q1 ⊗ ep2q2
+∑−1p2q1λp1+p2 q1+q2 1ep1q1T ⊗ ep2q2T
f ⊗ f t = f ⊗ f 
(∑−1p2q1ep1q1T ⊗ ep2q2T
)
=∑−1p2q1f ep1q1
∑
p q r
λp q repqT
r
⊗f ep2q2
∑
p q r
λp q repqT
r
=∑−1β1p2 q2β2p1 q1λp1 q1 r1λp2 q2 r2ep1q1T r1 ⊗ ep2q2T r2 
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Since f is a coalgebra map,
f t = f ⊗ f t
and therefore λp1 q1 0λp2 q2 1 = 0 for all p1 p2 ∈ 0 1 2 3, q1 q2 ∈0 1. Thus either λpq 0 = 0 for all p ∈ 0 1 2 3, q ∈ 0 1 or λpq 1 =
0 for all p ∈ 0 1 2 3, q ∈ 0 1. In the former case f t =∑λpq 0epq ∈
kGH2, which contradicts the bijectivity of f . Therefore λpq 0 = 0 for all
p ∈ 0 1 2 3, q ∈ 0 1. Write λpq = λpq 1. Then
f t =∑
p q
λp qepqT
and so, applying ε, also
λ0 0 = εt = 1
Moreover, since∑−1p2q1λp1+p2q1+q2ep1q1T ⊗ ep2q2T
=∑−1β1p2q2β2p1q1λp1q1λp2q2ep1q1T ⊗ ep2q2T
we get
λp1+p2 q1+q2 = −1p2q1−1β1p2 q2β2p1 q1λp1 q1λp2q2 (32)
for any p1 p2 ∈ 0 1 2 3, q1 q2 ∈ 0 1.
Let u ∈ kGH1. Then
f t ⇀1 uf t = f t ⇀1 ut = f tu = f tf u =
∑
λpqep qTf u
= t ⇀2 f u
∑
λpqep qT = t ⇀2 f uf t
Thus, since t is a unit (t2 = σt t is a unit),
f t ⇀1 u = t ⇀2 f u (33)
Let us show that Hopf algebras from types Ha, Hb, and Hc cannot be
isomorphic to each other. K0HcK0Ha or K0Hb; thus Hc Ha or
Hb. If f  Ha → Hb then by formula (33)
f xf y = f xy = f t ⇀1 x = t ⇀2 f x = f x−1
and therefore f y = f x2, which is impossible if f is an isomorphism.
Hb  1Hb  y or Hb x2y and Hc σ0 Hc σ1 since their duals have non-
isomorphic groups of grouplikes. Thus there are at least ﬁve nonisomorphic
Hopf algebras with GH ∼= C4 × C2, namely Ha  1, Hb  1, Hb  y , Hc σ0 , and
Hc σ1 .
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Now we prove that Ha  1Ha  y and Hb  yHb x2y . If f is a Hopf algebra
isomorphism as before, then, since f GH1 is a group isomorphism, f x ∈
x x−1 xy x−1y, f y ∈ y x2y, and f x2 = x2.
If f x = x2k+1yl and f y = y, where k l = 0 1 then
f−1ep q = f ep q = e2k+1p+2lq q
and by formula (32)
λp1+p2 q1+q2 = −1p2q1−12k+1p2+2lq2q1λp1 q1λp2 q2 = λp1 q1λp2 q2 
If f x = x2k+1yl and f y = x2y, where k l = 0 1 then
f ep q = e2k+2l+1p+2lq p+q
f−1ep q = e2k+1p+2lq p+q
and by formula (32)
λp1+p2 q1+q2 = −1p2q1−12k+1p2+2lq2q1+p1λp1 q1λp2 q2
= −1p1p2λp1 q1λp2 q2 
Now assume f is a Hopf algebra isomorphism
f  Ha  1 → Ha  y 
If f y = x2y then by formula (33)
f xy = t ⇀2 f x = f t ⇀1 x = f xy = f xf y = f xx2y
that is, x2 = 1, which contradicts the fact that x = 4. Thus f y = y and
therefore
λp1+p2 q1+q2 = λp1 q1λp2 q2
and thus
λ41 0 = λ22 0 = λ20 1 = λ0 0 = 1
Then
f tf t =∑λpqepqT∑λr sersT
=∑λpqepq∑λr ser+2s sT 2 =∑λpqλp+2q qepqσHa  y t t
=∑λ2p+q 0epqσHa  y t t =
∑
λ
p+q
2 0 epqσHa  y t t
If λ2 0 = 1, f tf t = σHa  y t t = y = f t
2 = 1. If λ2 0 = −1, f tf t =
x2yσHa  y t t = x2 = f t
2 = 1.
648 yevgenia kashina
Therefore, there is no Hopf algebra isomorphism between Ha  1
and Ha  y .
Now assume f is a Hopf algebra isomorphism
f  Hb  y → Hb x2y 
Then
f tf t =∑λpqepqT∑λr sersT
=∑λpqepq∑λr se−r sT 2 =∑λpqλ−p qepqσHb x2y t t
f y = y is not possible, since then we have
λpqλ−p q = λ0 0 = 1
and thus
f tf t =
(∑
epq
)
σHb x2y t t = σHb x2y t t = x2y = y = f y = f t
2
f y = x2y is not possible, since then we get
λp1+p2 q1+q2 = −1p1p2λp1 q1λp2q2
so
λpqλ−p q = −1p
2
λ0 0 = −1p
2
and
f tf t =
(∑−1p2epq
)
σHb x2y t t = x2σHb x2y t t
= y = f x2y = f y = f t2
Therefore, there is no Hopf algebra isomorphism between Hb  y and
Hb x2y .
Thus there are exactly seven nonisomorphic Hopf algebras with GH ∼=
C4 × C2, namely Ha  1, Ha  y , Hb  1, Hb  y , Hb x2y , Hc σ0 , and Hc σ1 .
Proposition 3.3. There are at least two and at most four nonisomor-
phic nontrivial semisimple Hopf algebras of dimension 16 with GH ∼= C2 ×
C2 × C2.
Proof. All nontrivial Hopf algebras with GH ∼= C2 × C2 × C2
were described in Section 3.2. There are at most four nonisomorphic
Hopf algebras with GH ∼= C2 × C2 × C2, namely Hd  1 1, Hd  1−1,
Hd  −1 1 and Hd  −1−1. At least two of them are not isomorphic, since
GH∗d  1 1GH∗d  1−1.
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Proposition 3.4. There are exactly two nonisomorphic nontrivial
semisimple Hopf algebras of dimension 16 with a commutative Hopf subal-
gebra of dimension 8 and non-Abelian GH∗. In this case GH∗ ∼= D8,
GH ∼= C2 × C2, and H∗ also has a commutative sub-Hopf algebra of
dimension 8.
Proof. All nontrivial Hopf algebras with a commutative Hopf subalgebra
of dimension 8 and non-Abelian GH∗ were described in Section 3.3, Case
(B). There are at most two of them, namely HB  1 and HB X .
Let us compute all the possible eight-dimensional Hopf quotients of
HB. There is a one-to-one correspondence between hereditary subrings of
K0H and Hopf quotients ofH (see [22, Theorem 6; 24, Proposition 3.11]).
Thus HB has three quotients of dimension 8 corresponding to the heredi-
tary subrings R1 = a1+ bϕ+ cχ2 + dχ2ϕ+ eπ1 ∈ K0H  a b c d e ∈
, R2 = a1 + bϕ + cχ2 + dχ2ϕ + eπ2 ∈ K0H  a b c d e ∈ , and
R3 = 
∑4
i=0
∑2
j=0 ai jχ
iϕj ∈ K0H  ai j ∈ . They are obtained by fac-
toring modulo normal ideals Y − 1H, X − 1H, and XY − 1H, where
XY , and XY are central grouplikes of H. It is easy to see that H/Y−1H
is cocommutative (in fact, HB  1/Y−1HB  1∼=kD8 and HB X/Y−1HB X∼= kQ8), H/X − 1H is commutative (therefore H/X − 1H ∼= kD8∗
since GH∗ ∼= D8), and H/XY − 1H is neither commutative nor
cocommutative (therefore H/X − 1H ∼= H8). Therefore we see that
HB  1HB X since they have different sets of quotients. Both HB  1 and
HB X have cocommutative Hopf quotients of dimension 8, kD8 and kQ8,
respectively. Thus their duals were described in Section 3.4. In particular,
HB  1 ∼= H∗C  1, HB X ∼= H∗E , and GH∗C  1 ∼= GH∗E ∼= C2 × C2.
4. NON-ABELIAN GROUPS OF ORDER 16
There are nine non-Abelian groups of order 16 (see [2, 118]). The ﬁrst
four of them are of exponent 8, the last ﬁve of exponent 4 (we denote the
quaternion group of order 8 by Q8 and the quasiquaternion group of order
16 by Q16):
(1) G1 = a b  a8 = b2 = 1 ba = a5b. GkG1∗ = χ × ϕ ∼=
C4 × C2, where χa = i, χb = 1, ϕa = 1, ϕb = −1. Degree 2 irre-
ducible representations of G1 are deﬁned by
π1a =
(
ω 0
0 −ω
)
π1b =
(
0 1
1 0
)
π2a =
(
ω3 0
0 −ω3
)
π2b =
(
0 1
1 0
)

whereω is a primitive eighth root of unity andπ21 = χ+χ3 +χϕ+χ3ϕ = π22 .
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(2) G2 = a b  a8 = b2 = 1 ba = a3b. GkG2∗ = χ × ϕ ∼=
C2 × C2, where χa = −1, χb = 1, ϕa = 1, ϕb = −1. Degree 2
irreducible representations of G2 are deﬁned by
π1a =
(
ω 0
0 ω3
)
π2a =
(
i 0
0 −i
)
π3a =
(
ω5 0
0 ω7
)
π1b =
(
0 1
1 0
)
π2b =
(
0 1
1 0
)
π3b =
(
0 1
1 0
)

where ω is a primitive eighth root of unity, and representations satisfy the
properties
π21 = χ+ χϕ+ π2 = π23 χ •π1 = π3 χ •π3 = π1
π22 = 1+ χ+ ϕ+ χϕ ϕ •π1 = π1 ϕ •π3 = π3
(3) G3 = a b  a8 = b2 = 1 ba = a−1b = D16, the dihedral group.
GkG3∗ = χ × ϕ ∼= C2 × C2, where χa = −1, χb = 1, ϕa = 1,
ϕb = −1. Degree 2 irreducible representations of G3 are deﬁned by
π1a =
(
ω 0
0 ω7
)
π2a =
(
i 0
0 −i
)
π3a =
(
ω3 0
0 ω5
)
π1b =
(
0 1
1 0
)
π2b =
(
0 1
1 0
)
π3b =
(
0 1
1 0
)

where ω is a primitive eighth root of unity, and representations satisfy the
properties
π21 = 1+ ϕ+ π2 = π23 χ •π1 = π3 χ •π3 = π1
π22 = 1+ χ+ ϕ+ χϕ ϕ •π1 = π1 ϕ •π3 = π3
(4) G4 = a b  a8 = 1 b2 = a4 ba = a−1b = Q16, the quasi-
quaternion group. GkG4∗ = χ × ϕ ∼= C2 × C2, where χa = −1,
χb = 1, ϕa = 1, ϕb = −1. Degree 2 irreducible representations of
G4 are deﬁned by
π1a =
(
ω 0
0 ω7
)
π2a =
(
i 0
0 −i
)
π3a =
(
ω3 0
0 ω5
)
π1b =
(
0 −1
1 0
)
π2b =
(
0 1
1 0
)
π3b =
(
0 −1
1 0
)

where ω is a primitive eighth root of unity, and representations satisfy the
properties
π21 = 1+ ϕ+ π2 = π23 χ •π1 = π3 χ •π3 = π1
π22 = 1+ χ+ ϕ+ χϕ ϕ •π1 = π1 ϕ •π3 = π3
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(5) G5 = a b  a4 = b4 = 1 ba = a−1b. GkG5∗ = χ × ϕ ∼=
C4 × C2, where χa = 1, χb = i, ϕa = −1, ϕb = 1. Degree 2 irre-
ducible representations of G5 are deﬁned by
π1a =
(
0 1
1 0
)
π1b =
(
i 0
0 −i
)
π2a =
(
0 i
i 0
)
π2b =
(
i 0
0 −i
)
with the property π21 = 1+ χ2 + ϕ+ χ2ϕ = π22 .
(6) G6 = a b c  a4 = b2 = c2 = 1 bab = ac. GkG6∗ =
χ × ϕ ∼= C4 × C2, where χa = i, χb = χc = 1, ϕa = ϕc = 1,
ϕb = −1. Degree 2 irreducible representations of G6 are deﬁned by
π1a =
(
0 −1
1 0
)
π1b =
(
0 1
1 0
)
π1c =
(−1 0
0 −1
)
π2a =
(
0 −i
i 0
)
π2b =
(
0 1
1 0
)
π2c =
(−1 0
0 −1
)
with the property π21 = 1+ χ2 + ϕ+ χ2ϕ = π22 .
(7) G7 = a b c  a4 = b2 = c2 = 1 cbc = a2b. GkG7∗ =
χ × ϕ × ψ ∼= C2 × C2 × C2, where χa = −1, χb = χc = 1,
ϕa = ϕb = −1, ϕc = 1, ψa = ψb = 1, ψc = −1. Degree 2
irreducible representations of G7 are deﬁned by
π1a =
(
i 0
0 −i
)
π1b =
(−1 0
0 1
)
π1c =
(
0 1
1 0
)
π2a =
(
i 0
0 −i
)
π2b =
(
1 0
0 −1
)
π2c =
(
0 1
1 0
)
with the property π21 = χ+ χϕ+ χψ+ χϕψ = π22 .
(8) G8 = a b c  a4 = b2 = c2 = 1 ba = a−1b = D8 × C2.
GkG8∗ = χ × ϕ × ψ ∼= C2 × C2 × C2, where χa = χb = 1,
χc = −1, ϕa = −1, ϕb = ϕc = 1, ψa = ψc = 1, ψb = −1.
Degree 2 irreducible representations of G8 are deﬁned by
π1a =
(
i 0
0 −i
)
π1b =
(
0 1
1 0
)
π1c =
(
1 0
0 1
)
π2a =
(
i 0
0 −i
)
π2b =
(
0 1
1 0
)
π2c =
(−1 0
0 −1
)
with the property π21 = 1+ ϕ+ ψ+ ϕψ = π22 .
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(9) G9 = a b c  a4 = c2 = 1 b2 = a2 ba = a−1b = Q8 × C2.
GkG9∗ = χ × ϕ × ψ ∼= C2 × C2 × C2, where χa = χb = 1,
χc = −1, ϕa = −1, ϕb = ϕc = 1, ψa = ψc = 1, ψb = −1.
Degree 2 irreducible representations of G9 are deﬁned by
π1a =
(
i 0
0 −i
)
π1b =
(
0 1
−1 0
)
π1c =
(
1 0
0 1
)
π2a =
(
i 0
0 −i
)
π2b =
(
0 1
−1 0
)
π2c =
(−1 0
0 −1
)
with the property π21 = 1+ ϕ+ ψ+ ϕψ = π22 .
5. COMPUTATIONS IN K0H IN THE CASE OF GH∗ = 8
In this case we have eight one-dimensional irreducible representations
χ1 = 1K0H     χ8 ∈ GH∗ and two two-dimensional ones, π1 and π2.
Then, since χi •χ
−1
i = 1K0H χ∗i = χ−1i . degχi •πk = 2; thus there are
two possibilities:
(i) χi •πk = χj + χl
(ii) χi •πk = πl
Case (i) cannot happen, since otherwise πk = χ−1i •χj + χ−1i •χl is not
irreducible. Thus χi •πk = πl. Then it is impossible to have χi •πk = πk
and χi •πl = πk for k = l, since otherwise πl = χ8i •πl = χ7i •πk = πk.
Thus χi either ﬁxes both π1 and π2 or interchanges them. It is easy to
check that either all χi ﬁx πk, k = 1 2, or half of χi ﬁxes πk and half of
χi interchanges them.
Suppose χi •πk = πk, for i = 1     8 and k = 1 2. Then
1 = mπkχi •πk = mχ∗i  πk •π∗k = mχ−1i  πk •π∗k
Thus
πk •π
∗
k =
8∑
i=1
χ−1i =
8∑
i=1
χi
but degπk •π∗k = 4 and deg
∑8
i=1 χi = 8. Thus all χi cannot ﬁx πk.
Now let half of χi ﬁx πk and half of χi interchange them, say
χi •πk = πk for i odd
χi •πk = πl for i even
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if k = l. It is clear that χi and χ∗i = χ−1i ﬁx or interchange πk simultane-
ously. Then for k = l
1 = mπkχi •πk = mχ∗i  πk •π∗k = mχ−1i  πk •π∗k for i odd
1 = mπl χi •πk = mχ∗i  πk •π∗l  = mχ−1i  πk •π∗l  for i even
and therefore
πk •π
∗
k = χ1 + χ3 + χ5 + χ7
πk •π
∗
l = χ2 + χ4 + χ6 + χ8
There are two possibilities for the involution: either π∗1 = π1 and π∗2 = π2,
or π∗1 = π2 and π∗2 = π1. It is easy to check that when GH∗ is isomorphic
to C2 ×C2 ×C2 or Q8 it does not matter which generators we choose to ﬁx
πk and which to interchange them. In the case of GH∗ ∼= D8 or C4×C2 it
matters and should give us two more nonisomorphic structures for K0H
for each of them, but due to the results of the Section 3 we can see that in
the case of GH∗ ∼= C4 × C2, πk can be ﬁxed only by elements of order 1
or 2 (since πk2 is either the sum of all elements of order 1 or 2, or the
sum of all elements of order 4).
Now assume that GH∗ = χϕ  χ4 = 1 ϕ2 = 1 ϕχ = χ−1ϕ ∼= D8
or GH∗ = χϕ  χ4 = 1 ϕ2 = χ2 ϕχ = χ−1ϕ ∼= Q8. Then χ2 is the
only nontrivial central element of GH∗. Since by [13, Theorem 1] H∗ has
a nontrivial central grouplike, this grouplike should be equal to χ2. Since
χ2 is a central grouplike of order 2, which ﬁxes all πk, by Proposition 2.1
H has a commutative Hopf subalgebra of dimension 8. Therefore, it should
have the same K0-ring as one of the Hopf algebras described in Section 3.
Thus the only possible K0-ring structure corresponds to GH∗ ∼= D8 with
πk2 = 1+ χ2 + ϕ+ χ2ϕ and π∗i = πi.
Now let us list all the possible ring structures of K0H.
5.1. GH∗ = χ × ϕ × ψ ∼= C2 × C2 × C2 where π∗1 = π1, π∗2 = π2,
and
χ •π1 = π2 = π1 •χ ψ •π1 = π1 = π1 •ψ
χ •π2 = π1 = π2 •χ ψ •π2 = π2 = π2 •ψ
ϕ •π1 = π1 = π1 •ϕ π21 = 1+ ϕ+ ψ+ ϕψ = π22
ϕ •π2 = π2 = π2 •ϕ π1 •π2 = χ+ χϕ+ χψ+ χϕψ = π2 •π1
Examples: Hb  1 Hd  1 1 Hd  −1 1 kD8 × C2 kQ8 × C2 H8 ⊗ kC2.
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5.2. GH∗ = χ × ϕ × ψ ∼= C2 × C2 × C2 where π∗1 = π2, π∗2 = π1,
and
χ •π1 = π2 = π1 •χ ψ •π1 = π1 = π1 •ψ
χ •π2 = π1 = π2 •χ ψ •π2 = π2 = π2 •ψ
ϕ •π1 = π1 = π1 •ϕ π21 = χ+ χϕ+ χψ+ χϕψ = π22
ϕ •π2 = π2 = π2 •ϕ π1 •π2 = 1+ ϕ+ ψ+ ϕψ = π2 •π1
Examples: Hc σ1 and kG7, where G7 = a b c  a4 = b2 = c2 = 1 cbc =
a2b.
5.3. GH∗ = χ × ϕ ∼= C4 × C2 where π∗1 = π1, π∗2 = π2, and
χ •π1 = π2 = π1 •χ ϕ •π1 = π1 = π1 •ϕ π21 = 1+ χ2 + ϕ+ χ2ϕ = π22
χ •π2 = π1 = π2 •χ ϕ •π2 = π2 = π2 •ϕ π1 •π2 = χ+ χ3 + χϕ+ χ3ϕ
= π2 •π1
Examples: Ha  1, Ha  y , Hb  y , Hb x2y , Hd  1−1, Hd  −1−1, kG5, and kG6,
where G5 = a b  a4 = b4 = 1 b−1ab = a−1 and G6 = a b c  a4 =
b2 = c2 = 1 bab = ac.
5.4. GH∗ = χ × ϕ ∼= C4 × C2 where π∗1 = π2, π∗2 = π1, and
χ •π1 = π2 = π1 •χ ϕ •π1 = π1 = π1 •ϕ π21 = χ+ χ3 + χϕ+ χ3ϕ = π22
χ •π2 = π1 = π2 •χ ϕ •π2 = π2 = π2 •ϕ π1 •π2 = 1+ χ2 + ϕ+ χ2ϕ
= π2 •π1
Examples: Hc σ0 , kG1, where G1 = a b  a8 = b2 = 1 bab = a5.
5.5. GH∗ = χϕ  χ4 = 1 ϕ2 = 1 ϕχ = χ−1ϕ ∼= D8, where π∗1 = π1,
π∗2 = π2, and
χ •π1 = π2 = π1 •χ ϕ •π1 = π1 = π1 •ϕ π21 = 1+ χ2 + ϕ+ χ2ϕ = π22
χ •π2 = π1 = π2 •χ ϕ •π2 = π2 = π2 •ϕ π1 •π2 = χ+ χ3 + χϕ+ χ3ϕ
= π2 •π1
Examples: HB  1, HB X , and kQ8#αkC2.
Remark 51 Noncommutative K0H should have the structure 5.5.
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6. COMPUTATIONS IN K0H IN THE CASE OF GH∗ = 4
In this case by Theorem 1.1 GH∗ ∼= C2 × C2 and we have four one-
dimensional irreducible representations χ1 = 1K0H     χ4 ∈ GH∗ and
three two-dimensional ones, π1, π2, and π3. Then, since χi •χi = 1K0H,
χ∗i = χi. The involution is an antihomomorphism of K0H of order 2;
thus it either ﬁxes all πk or interchanges two of them and ﬁxes the third
one. Assume that we always have π∗2 = π2.
χi •πk = χj + χl as in the case of GH∗ = 8. Thus multiplication by
χi permutes πk. Since oχi = 1 or 2 then each χi either ﬁxes all πk or
interchanges two of them and ﬁxes the third one. There are two possible
cases:
(i) χi •πk = πk for i = 1     4 and k = 1 2 3. Then
mχi πk •π∗k = mπkχi •πk = 1
πk •π
∗
k =
4∑
i=1
χi for k = 1 2 3 (34)
By [13, Theorem 1], one of the χi is central of order 2 and therefore by
Proposition 2.1, H has a commutative Hopf subalgebra of order 8. There-
fore, it should have the same K0-ring as one of the Hopf algebras described
in Section 3. But none of these K0-rings satisﬁes (34). Therefore this case
is not possible.
(ii) χi •πk = πk for some i ∈ 1     4 and k ∈ 1 2 3. Then, say,
χ1 •πk = χ3 •πk = πk for k = 1 2 3
but χ2 •πk = πk, χ4 •πk = πk for some k ∈ 1 2 3.
Assume that π∗1 = π3, π∗3 = π1, and χ2 •π2 = π2. Then
1 = mπ2 χi •π2 = mχi π2 •π2 for i = 1 3
0 = mπ2 χi •π2 = mχi π2 •π2 for i = 2 4
Therefore
π2 •π
∗
2 = χ1 + χ3 + πr = π2 •π2
Since πk •π∗k∗ = πk •π∗k, we get πr∗ = πr and and thus πr = π2; that is,
π2 •π
∗
2 = χ1 + χ3 + π2
Therefore R = aχ1 + bχ3 + cπ2 ∈ K0H  a b c ∈  is a hereditary
subring of K0H (see [24, Deﬁnition 3.10]). There is a one-to-one corre-
spondence between hereditary subrings of K0H and Hopf quotients of
H, that is between hereditary subrings of K0H and Hopf subalgebras of
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H∗ (see [22, Theorem 6; 24, Proposition 3.11]). Thus H∗ has a Hopf sub-
algebra of dimension 1+ 1+ 4 = 6, which contradicts the Nichols–Zoeller
theorem [23].
Thus without loss of generality χ2 •π2 = π2. Then
χi •π2 = π2 for i = 1     4
χi •π1 = π1 for i = 1 3
χi •π1 = π3 for i = 2 4
χi •π3 = π3 for i = 1 3
χi •π3 = π1 for i = 2 4
and therefore
1 = mπ2 χi •π2 = mχi π2 •π2 for i = 1     4
0 = mπ2 χi •πk = mχi πk •π∗2  for i = 1     4 k = 2
1 = mπkχi •πk = mχi πk •π∗k for i = 1 3
0 = mπkχi •πk = mχi πk •π∗k for i = 2 4
0 = mπ3 χi •π1 = mχi π1 •π∗3  for i = 1 3
1 = mπ3 χi •π1 = mχi π1 •π∗3  for i = 2 4
Thus we get
π2 •π
∗
2 =
4∑
i=1
χi
π1 •π
∗
1 = χ1 + χ3 + πr
π3 •π
∗
3 = χ2 + χ4 + πs
π1 •π
∗
3 = χ2 + χ4 + πt
πk •π
∗
2 = α1π1 + α2π2 + α3π3 for k = 2
If π∗1 = π3 and π∗3 = π1 then r = s = 2, since π∗r = πr and π∗s = πs. If
π∗i = πi for i = 1 2 3 then r = 1, since otherwise H∗ has a subHopfalgebra
of dimension 6 as before. If r = 3 then t = 1 and αi = mπi π1 •π∗2  =
mπ2 π∗i •π1 = mπ1 π∗2 •πi = 0 for i = 1 2 3. Therefore r = s = 2.
Then
1 = mπ2 π∗k •πk = mπkπk •π∗2  for k = 2
0 = mπkπ∗l •πl = mπl πl •π∗k for k = 2
Therefore
π1 •π
∗
2 = π1 + π3
π3 •π
∗
2 = π1 + π3
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and
1 = mπ3 π1 •π∗2  = mπ2 π∗3 •π1 = mπ2 π1 •π∗3 
So, ﬁnally,
π1 •π
∗
3 = χ2 + χ4 + π2
Now let us list all the possible ring structures of K0H.
6.1. GH∗ = χ × ϕ ∼= C2 × C2 where π∗1 = π1, π∗2 = π2, π∗3 = π3, and
χ•π1=π3=π1•χ ϕ•π1=π1=π1•ϕ π1•π2=π1+π3=π2•π1
χ•π2=π2=π2•χ ϕ•π2=π2=π2•ϕ π1•π3=χ+χϕ+π2=π3•π1
χ•π3=π1=π3•χ ϕ•π3=π3=π3•ϕ π2•π3=π1+π3=π3•π2
π21=1+ϕ+π2=π23 π22=1+χ+ϕ+χϕ
Examples: HC  1, HC σ1 kD16, and kQ16.
6.2. GH∗ = χ × ϕ ∼= C2 × C2 where π∗1 = π3, π∗2 = π2, π∗3 = π1, and
χ•π1=π3=π1•χ ϕ•π1=π1=π1•ϕ π1•π2=π1+π3=π2•π1
χ•π2=π2=π2•χ ϕ•π2=π2=π2•ϕ π1•π3=1+ϕ+π2=π3•π1
χ•π3=π1=π3•χ ϕ•π3=π3=π3•ϕ π2•π3=π1+π3=π3•π2
π21=χ+χϕ+π2=π23 π22=1+χ+ϕ+χϕ
Examples: HE and kG2, where G2 = a b  a8 = b2 = 1 bab = a3.
We can now prove Theorem 1.3:
Proof. In Sections 5 and 6 we have described all possible Grothendieck
ring structures of non-commutative semisimple Hopf algebras of dimen-
sion 16, and there are exactly seven of them. Only one of these K0-rings
is not commutative, namely K55, which corresponds to non-Abelian
GH∗ ∼= D8. Therefore, by [24, Theorem 4.1] all Hopf algebras with non-
commutative K0-ring are twistings of each other with a 2-pseudo-cocycle.
Moreover, by [24, 4.5], Hopf algebras with non-commutative K0-rings are
not twistings of group algebras.
If GH∗ is Abelian then there are six possibilities for the K0-ring struc-
ture, all of which are commutative, namely K51 = K0kD8 × C2, K52 =
K0kG7, K53 = K0kG5, K54 = K0kG1, K61 = K0kD16, and K62 =
K0kG2. Thus by [24, Theorem 4.1] H is a twisting of one of these group
algebras with a 2-pseudo-cocycle. Since H is semisimple, K0H⊗ k is also
semisimple by [32, Lemma 2]. Therefore, if K0H is commutative, as alge-
bras K0H ⊗ k ∼= k10 when GH∗ = 8 and K0H ⊗ k ∼= k7 when
GH∗ = 4. If K0H is not commutative, that is, K0H = K55, it is easy
to see that dimZK0H = 7 and thus K0H ⊗ k ∼= k6 ⊕M2k.
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7. TWISTINGS OF GROUP ALGEBRAS WITH A 2-COCYCLE
All non-Abelian groups G, considered in this section, have an Abelian
subgroup F = 1 c b cb ∼= C2 × C2. kF ∼= kF∗ thus we can identify
δx ∈ kF with the elements of the dual basis. Now deﬁne J ∈ kF ⊗ kF
as
J = δ1 ⊗ δ1 + δ1 ⊗ δc + δ1 ⊗ δb + δ1 ⊗ δcb
+ δc ⊗ δ1 + δc ⊗ δc + iδc ⊗ δb − iδc ⊗ δcb
+ δb ⊗ δ1 − iδb ⊗ δc + δb ⊗ δb + iδb ⊗ δcb
+ δcb ⊗ δ1 + iδcb ⊗ δc − iδcb ⊗ δb + δcb ⊗ δcb (35)
where
δ1 =
1
4
1+ c + b+ cb
δc =
1
4
1+ c − b− cb
δb =
1
4
1− c + b− cb
δcb =
1
4
1− c − b+ cb
We can rewrite J as
J = 1
8
5 · 1⊗ 1+ c ⊗ 1+ b⊗ 1+ cb⊗ 1
+ 1⊗ c + c ⊗ c + −1− 2ib⊗ c + −1+ 2icb⊗ c
+ 1⊗ b+ −1+ 2ic ⊗ b+ b⊗ b+ −1− 2icb⊗ b
+ 1⊗ cb+ −1− 2ic ⊗ cb+ −1+ 2ib⊗ cb+ cb⊗ cb
Such a J is a 2-cocycle for kF and since J ∈ kG ⊗ kG, it is also a
2-cocycle for kG. Thus we can form kGJ which is a Hopf algebra by
[24, 2.8; 31]. By [31, 6.4], kGJ is non-cocommutative if and only if J−1τJ
does not lie in the centralizer of kG in kG ⊗ kG. Moreover, by [24,
Theorem 4.1] K0kGJ ∼= K0kG. Since J is a 2-cocycle, then by [4]
kGJ is triangular.
We now discuss Examples 2, 12, and 13 in the table. We used GAP to
compute GH in Examples 12 and 13.
Example 2. H = kD8 × C2J , where F = 1 c b cb ∼= C2 × C2 is
a subgroup of D8 × C2 = a b c  a4 = b2 = c2 = 1 ba = a−1b and J is
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given by the formula 35. Then
1. GH = a2 b c ∼= C2 × C2 × C2.
2. GH∗∼=GkD8×C2 ∼= C2 ×C2 ×C2 and K0H ∼= K0kD8×
C2 ∼= K51.
Example 12. H = kD16J , where F = 1 a4 b a4b ∼= C2 × C2 is a
subgroup of D16 = a b  a8 = b2 = 1 ba = a−1b and J is given by the
formula 35. Then
1. GH = b g = 12 −a2 + a2b + a6 + a6b  g4 = b2 = 1 bgb =
g−1 ∼= D8.
2. GH∗ ∼= GkD16∗ ∼= C2 × C2 and K0H ∼= K0kD16 ∼= K61.
Example 13. H = kG2J , where F = 1 a4 b a4b ∼= C2 × C2 is a
subgroup of G2 = a b  a8 = b2 = 1 ba = a3b and J is given by the
formula 35. Then
1. GH ∼= D8.
2. GH∗ ∼= GkG2∗ ∼= C2 × C2 and K0H ∼= K0kG2 ∼= K62.
8. A CONSTRUCTION USING SMASH COPRODUCTS
Let H = kQ8#αkC2, a smash coproduct of kQ8 and kC2 (see [19, 10.6.1;
24, Proposition 3.8]), where Q8 = a b  a4 = 1 b2 = a2 ba = a−1b, C2 =
1 g. H has the algebra structure of kQ8 ⊗ kC2 and the comultiplication,
antipode, and counit
x#δgk =
∑
r+t=k
x1#δgr  ⊗ αgr x2#δgt 
Sx#δgk = αgkSx#δg−k
εx#δgk = εxδgk 1
where δ1 = 1/21 + g, δg = 1/21 − g, x ∈ kQ8, and α G →
AutkQ8 is deﬁned by
α1x = x
αga = b
αgb = a
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see [24, Erratum]. It follows from the above that
a#1 = a#δ1 + a#δg
= a#δ1 ⊗ a#δ1 + a#δg ⊗ b#δg + a#δ1 ⊗ a#δg + a#δg ⊗ b#δ1
= a#δ1 ⊗ a#1+ a#δg ⊗ b#1
= 1
2
a#1⊗ a#1+ a#g⊗ a#1+ a#1⊗ b#1− a#g⊗ b#1 (36)
and
b#1 = 1
2
b#1⊗ b#1+ b#g⊗ b#1+ b#1⊗ a#1− b#g⊗ a#1 (37)
Let us describe GH, GH∗, and K0H. By straightforward computa-
tions, using 36 and 37, GH = a2#1 × 1#g. GH∗ is generated
by the multiplicative characters χ and ϕ, deﬁned by χa = χg = −1,
χb = 1 and ϕa = −1, ϕg = ϕb = 1. Then χ−1a = 1, χ−1b =
χ−1g = −1, and ϕχϕ = χ−1. Therefore GH∗ ∼= D8. Degree 2 irre-
ducible representations of H are deﬁned by
π1a =
(
i 0
0 −i
)
π1b =
(
0 1
−1 0
)
π1g =
(
1 0
0 1
)
π2a =
(
i 0
0 −i
)
π2b =
(
0 1
−1 0
)
π2g =
(−1 0
0 −1
)
with the propertyπ21 = π22 = 1+ χ2 + ϕ+ χ2ϕ and thereforeK0H ∼= K55.
9. MAIN RESULTS
Theorem 9.1. Every nontrivial semisimple Hopf algebra H of dimension
16 has a commutative Hopf subalgebra of dimension 8.
Proof. By [13, Theorem 1] H∗ has a central grouplike g of order 2. Thus
we get a short exact sequence of Hopf algebras
kg i↪→ H∗ π K (38)
If K is cocommutative, K∗ ⊂ H is commutative and we are done. If K is
commutative, but not cocommutative, then K∗ = kGH ⊂ H and GH is
non-Abelian of order 8. Applying Proposition 2.1 and results of Section 5 we
get that H∗ has a commutative Hopf subalgebra of dimension 8. Therefore
H∗ was described in Section 3.3, case (B), and it has a group algebra of
dimension 8 as a quotient. ThereforeH has a commutative Hopf subalgebra
of dimension 8.
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Now assume that K is neither commutative nor cocommutative. Then
K ∼= K∗ ∼= H8 and as algebras H∗ ∼= kg#σK, a crossed product of Hopf
algebras with an action ⇀ K ⊗ kg → kg and a cocycle σ  K ⊗K →
kg. Since g is central in H∗, the action ⇀ is trivial. By [16, Theo-
rem 4.8] K ∼= H8 does not have nontrivial right Galois objects. Thus for
any 2-cocycle α K ⊗ K → k the crossed product αK = k#αK is trivial;
that is, there exists a K-comodule algebra isomorphism ϕα Kα → K. Let
e0 = 1 + g/2 and e1 = 1 − g/2. Write kg = ke0 ⊗ ke1 and σa ⊗
b = α0a⊗ be0 + α1a⊗ be1. Then for j = 0 1 αj K ⊗K → k are 2-
cocyles. The map E kg#σK → kg ⊗K deﬁned by Ee0#a+ e1#b =
e0 ⊗ϕα0a + e1 ⊗ϕα1b is an algebra isomorphism. Therefore as algebras
H∗ ∼= kg ⊗K. As coalgebras H ∼= kg ⊗K∗ ∼= kg ⊗H8, H has eight
grouplikes, and we are done by the previous argument.
We now show that there are exactly 16 nonisomorphic nontrivial semisim-
ple Hopf algebras of dimension 16.
Proof (Theorem 1.2). (1) Assume GH is Abelian of order 8. By
Theorem 1.1, GH ∼= C2 × C2 × C2 or GH ∼= C4 × C2 and by Proposi-
tion 3.1 in this case GH∗ is also Abelian of order 8. In Propositions 3.2
and 3.3 we have shown that there are exactly seven nonisomorphic Hopf
algebras with GH ∼= C4 × C2 and at most four nonisomorphic Hopf
algebras with GH ∼= C2 × C2 × C2. Now we show that there are four
distinct Hopf algebras with GH ∼= C2 × C2 × C2. There are two noniso-
morphic examples of Hopf algebras with GH ∼= GH∗ ∼= C2 × C2 × C2,
namely H8 ⊗ kC2, which is not triangular (if it were triangular, so would
be H8), and kD8 × C2J , which is triangular (see Section 7), and
two more nonisomorphic Hopf algebras with GH ∼= C2 × C2 × C2 and
GH∗ ∼= C4 × C2, namely Hb  1∗ and Hc σ1∗. Comparing the structures
of H8 (see [11, 2.3, 2.4, 2.8]) and Hd  −1 1 we see that H8 ⊗ kC2 ∼= Hd  −1 1,
and therefore Hd  1 1 ∼= kD8 × C2J .
(2) Assume that GH is non-Abelian. Then, by Theorem 9.1, H has
a commutative Hopf subalgebra of dimension 8. By Proposition 3.4 GH ∼=
D8, GH∗ = C2 × C2, and there are exactly two such Hopf algebras,
HC  1 ∼= H∗B  1 and HE ∼= H∗B X . Comparing their K0-rings with K0-rings
of examples described in Section 7 we see that HC  1 ∼= kD16J and HE ∼=
kG2J .
(3) Assume that GH is abelian of order 4. By Theorem 1.1, GH ∼=
C2 ×C2. By Theorem 9.1, H has a commutative Hopf subalgebra of dimen-
sion 8 and therefore it was described in Section 3. There are exactly three
Hopf algebras with this group of grouplikes: two of them, HB  1 ∼= H∗C  1
and HB X ∼= H∗E , have GH∗ ∼= D8 and one of them, HC σ1 has GH∗ ∼=
C2 × C2 and therefore should be self-dual. Comparing the quotients of HB
and kQ8#αkC2 we see that HB X ∼= kQ8#αkC2.
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